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Abstract 

A new mathematical method is established to represent the operator, wave 
functions and square matrix in the same representation. We can obtain the 
specific square matrices corresponding to the angular momentum and Runge- 
Lenz vector operators with invoking assistance from the operator relations 
and the orthonormal wave functions. Furthermore, the first-order differential 
equations will be given to deduce the specific wave functions without using 
the solution of the second order Schrodinger equation. As a result, we will 
unify the descriptions of the matrix mechanics and the wave mechanics on 
hydrogen atom. By using matrix transformations, we will also deduce the 
specific matrix representations of the operators in the SO (4,2) group. 

Keywords: Matrix Operator Wave function Hydrogen atom Quantum 
mechanics 



1. Introduction 

In 1925, based on Niels Bohr's correspondence principle, Werner Heisen- 
berg represented the spatial coordinate q and the momentum p by the fol- 
lowing form M 

q = [ g (nffl)e 2 ™ (nm)1 ] , p = \ V {nm)e^ iv(nm)t \ (1) 
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Max Born and Pascual Jordan then wrote q substituted for q(nm) as a matrix 

[2] 

g(01) ••• 

9(10) g(12) ••• 

q(21) g(23) ••• 

They abandoned the representation (1) in favor of the shorter notation 

q = q{nm) p = p(nm) 

The founders of matrix mechanics tried to describe the mechanics quantum 
by the square matrix. They had not been successful because the source 
of the matrix could not be explained. In modern quantum mechanics the 
mechanical quantities was described by the operator. However, the operator 
was studied in isolation without being related to the wave functions so that 
the square matrix in quantum mechanics looked very mysterious. In fact, 
the square matrix is derived from the superposition coefficient. 
To address this issue, we offer the following new approaches. 
In linear algebra, the product of row matrix and the same order column 
matrix is equal to a polynomial. For example 



[^i A 2 ] 



B 1 
B 2 



A 1 B 1 + A 2 B 2 



Now that equality holds from left to right, the equality should hold from 
right to left 

A 1 B 1 + A 2 B 2 =[A 1 A 2 ] D 



Bo 



(2) 



So a polynomial can be expanded to the product of row matrix and the 
same order column matrix. Therefore 
I, The following expressions are equivalent 



[ atp 1 + bip 2 ctp! + #2 ] = [ ipi fa] 



a c 
b d 



and 



[ ^1 $2 ] 



a c 
b d 



[ aip! + bi/j 2 cip! + dip 2 ] 
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II, If 



then 



Afa = afa + bfa 
Afa = cfa + dfa 



A [ fa fa ] = [ afa + bfa cfa + dfa ] = [ fa fa] 

III, If 

Bfa = efa + ffa 
Bfa = gfa + hfa 



a c 
b d 



then 

s[fa fa ] = [ fa fa] 

Thus, from (4) and (6), we get 



e g 
f h 



e g 
f h 



AB [ fa fa] — A[fa fa] 

In fact, we are also able to get from (3) and (5) 

, B ■ , : eAfa + fAfa 
gAfa + hAfa 



[ V>1 ^2 ] 



a c 
b d 



e g 
f h 



(3) 

(4) 

(5) 
(6) 

(7) 







. ^ 2 _ 











Afa 




e f 




a b 






g h 




Afa 




g h 




c d 





V>1 

1p2 



The expression (7) is clearer than the above expression, so (3) is represented 
as (4) and we adopt (7) in this article. 

For one-dimensional harmonic oscillator, the results of wave mechanics are 



13 1 

Ei = -hw, E 2 = -frw, ■•■,E n = (n- -)hw, 



fa: 

with 
Thus 



— )*e 2 - , 

7T 



H n _i(ax) .o? ,i ^si r 2, 
-(— ) 4e 2 (« 



2— [(n-l)!]3 7T 



d n ~ x 




(8) 
(9) 



H n - X (z) = (- 1 ) e ^T e( " = ax ) 



x 



[ fa fa 



fa-i fa] = [fa fa ■■■ fa-i fa ] 



p[if>i i>: 
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^2 • • • V'n-l 
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= \i>\ i>2 
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-y/n 










• • • \fn 






(10) 



1pn-l Ipn ] 



(11) 



In classic group theory, the following results can be obtained by using the 
raising and lowering operator method. 



aVi = 0, aip 2 = ipi, • ■ ■ , aipn = y/n- l^n-i 

ip 2 = 



(12) 



1 1 

— =a + ip 2 , ■ ■ ■ ,ip n = -^==a + i/j n -i,a + ip n = (13) 
V2 v n — 1 



with 



a = ^^(« 2 x + ^p), a + = - .... ■ 
V2a K' y/2a 



ax — —p) 
n 



The square matrices in (10) and (11) can be deduced from (12) and (13). 
In fact, contrary to the above method, we assume that in terms of the theorem 
in the text 

Hfa = Eifa, Hip 2 = £2^2, ~-,Hip n = E n1 Jj n (14) 

V" V* V* 
^-11 ' ' ' A - 



X 



[ipl iJ 2 ■■■ 4>n ] = [ ty\ ^2 • • • i^n ] 



X21 X22 

X n \ X n2 



X, 



* 

n2 



X r , 



(15) 



where Xn, X 22 , ■ ■ ■ , X nn are real numbers. According to (4)-(7), we can 
convert the following operator relations into the square matrix relations with 
invoking assistance from (14) and (15). 

[x, H] = i-p 



Ip, H] = —ih[M*j 2 x 
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[x,p] = ih 

tt P 2 , 1 2-2 

The matrix element in (10) and (11) and (8) can be deduced from those 
square matrix relations. Furthermore, the first order differential equations 
are got from (10) and (11). As a result, the solutions of these equations are 
just (9). 

In the classic quantum mechanics, the operator of Runge-Lenz vector ^ is 
defined as 

A= -(0x L-ihp) - k- (16) 
(j, r 

We replace A by M 

V 2H 

and introduce two new operators 

i-> — * 

Each Q and Q' constitutes a closed SU(2) Lie algebra and they generate 
the group SO (4,2). With invoking assistance from the Wigner-Eckart theo- 
rem, the relevant SO (4) representations have been built up to determine the 
matrix elements of the group generators. However, as we know, the square 
matrix in (4) depends on the arrangement of the wave functions in the row 
matrix. The matrix elements don't represent the specific matrix. 
The new method will be applied to obtain the square matrices of the angu- 
lar momentum and Runge-Lenz vector operators corresponding to the wave 
functions which are the ort honor malized simultaneous eigenfunctions of the 
operators L z , L 2 and H. By using matrix transformations, we will transform 
these matrices to the square matrices responding to the wave functions which 
are the orthonormalized simultaneous eigenfunctions of the operators Q z , Q 2 
and H. 

In order to unify the descriptions of the matrix mechanics and the wave 
mechanics on hydrogen atom, we need to establish the corresponding math- 
ematical foundations. 
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2. Mathematical foundations 

In quantum mechanics, the wave function describes quantum state. There- 
fore, two definitions on wave function are given as follows 

n 

Definition 1 If = c ii>i, then Dirac's ket and bra vector are written 

7=1 

n n 

as |0 >= C i\^i > an d < 0| = c *i < V'/l respectively, where * denotes 

i=i i=i 
complex conjugation. 

Definition 2 If and (p are two arbitrary wave functions, then the inner 
product of and tp is < <f>\ip >— f <p*ipdr. 

Let -01, ip 2 , • • • j VVi be the orthonormalized wave functions. We have in terms 
of definition 2: 









1 


• 


• 




< H 


[ |^l > |^2 > • 


• \^n>] = 





1 • 


• 


(18) 


_ < 1p n \ _ 









• 


• 1 





According to Born's probability interpretation and matrix transformation, 
we can always assume that ipi, if) 2 , ■ ■ ■ , ip n are a set of orthonormalized wave 
functions. Simultaneously 

F^ J = F 7 V/(/=l,2,...,n) 

where F±, F 2 , • ■ ■ , F n are called eigenvalues of the operator F corresponding 
to the eigenfunctions. 

When an operator A acts on the orthonormalized wave functions ifii, ip 2 , • • • , ^ 
we will obtain some new wave functions 4>i — Mii 2 = Aip 2 , • • • , <\>n — Mn- 
According to the principle of superposition states in quantum mechanics, 
these new wave functions 0i, <p 2 , ■ ■ ■ , n were represented by linear combina- 
tion of orthonormalized wave functions ipi, tfj 2 , ■ ■ ■ , ip n . 

n n n 

Ml = < Pl = Yl A lrtl> Ml = 4>2 = Y^ A I2*Pl, • • • , Mn = <Pn = Yl i 1 ^) 
1=1 1=1 1=1 

According to definition 1, the expression (19) can be written as 

n n n 

\Mi >= J2 An ^ >'i^2 >= J2 Ai2 ^ >i---i\Mn >= J2 Aln ^ J > 

1=1 1=1 1=1 
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It follows that in terms of the inverse law of matrix multiplication 

[ {Alp! > \M 2 > ■ ■ \Mn > ] = [ \lpl > \lh > ■ ■ ■ > ] 



A u A l2 ■■■ A ln 

A21 A22 • • • A2n 



. A n i A n 2 • • • A m 

Both sides of the above expression are left multiplied by the column matrix 
[ < -0! I <tp2\ " " " < VVil ] • Combining with (18), we get 



< 



A u A 12 
A21 A 2 2 



A ln 

A2n 



A n \ A n 2 ■ ■ ■ Ay 



If A is a Hermitian operatorthen for two arbitrary wave functions <fi and tp, 
we have 

< <j)\ip >=< ip\(f) >* 

Hence 



A n 


A 12 ■ 


■ A Xn ' 




A* 


A* 

A 2\ 


A* 


A21 


A22 ■ 


■ A 2n 




A21 


A* 

A 22 


A* 

A n2 


A nl 


A n2 ■ 


■ A 




_ A nl 


A n2 ■ 


A* 



Therefore, we get 

n 

Theorem: If A is a Hermitian operator, then A<pK — Yl Aik^i{K = 

1=1 

1, 2, • • • , n) in the orthonormalized complete function sets <f>i, ip 2 , • • • , 4>n are 
written as 









' An 


A* 
A 2\ 


A* 


A[lpi ip 2 ■ 


• Ipn] = [ Ipl V>2 • 


• tpn ] 


A21 


A22 ■ 


A* 
A n2 








_ Am 


A n2 ■ 


■ A 



(20) 



where An, A 2 2, • ■ • , A nn are real numbers. 

In quantum mechanics, all of the operators that describe mechanical quan- 
tities are Hermitain operators, so we can deal with the degenerate hydrogen 
atom by means of the above theorem. 
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3. Angular Momentum 

In the spherical coordinate, the angular momentum operator is given by 

L = L x i + Lyj + L z k 



L x = ih(sm {p-jjy + cot 6 cos <f^-) 
L y = ih(— cos </?J| + cot 9 sin 



(21) 



It is well known that the commutation relations between the components of 
the angular momentum operators are written as 



[L y , L z ] — ihL x 

[L z , L x ] = ihLy 
[L x , Ly] = ihL z 
[L 2 ,L x ] = [L 2 ,Ly] = [L 2 ,L z ]=0 



(22) 

(23) 
(24) 
(25) 



Thus, let Li, L 2 , • • • , L s be the eigenvalue of the operator L z and Y±, Y 2 , • • • , Y s 
be the orthonormalized simultaneous eigenfunctions of the operators L z and 
L 2 respectively, then 



L Z [Y 1 Y 2 ■■■ Y a ] = [Y 1 Y 2 ■■■ Y s ] 



L 1 
L 2 












L s 



(26) 



Because L x is a Hermitian operator, it is assumed in terms of the theorem 
that 



L X [Y 1 Y 2 
where L U ,L 22 , 



Y S ] = [Y 1 Y 2 ■■■ Y s ] 



L n 


T * 

^21 


T* 


L 2 \ 


L 22 ■ 


T* 


L s i 


L s2 ■ 


L ss 



(27) 



,L SS are real numbers. From (23), (26) and (27), we get 



L y [Y 1 Y 2 ■■■ Y S ]=-(L Z L X -L X L Z )[Y 1 Y 2 • ■ ■ Y s ] = [ Y 1 Y 2 ■ • • Y s ] 
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(Lx - L 2 )L 

(L 2 - L X )L 2X 



[L s — Li)L s i (L s — L 2 )L s2 ■ ■ ■ 
Combining with (22) and (26), we have 

L X [Y 1 Y 2 ■■■ Y 8 ] = [Y 1 Y 2 

(L 2 — Li) 2 L 2l ■■■ 

{L 2 -L x fL 21 



1 



(L s — L\) 2 L S \ (L s — L 2 ) 2 L 



s2 



(Li - L S )L* S , 
(L 2 — L S )L* 2 





••• Y s ] 

{L s - L 2 ) L* 2 







(28) 



(29) 



Because Li, L 2 , L 3 , • • • , L s _i, L s are real numbers and it is clear that L s > 
L s -i > • • • > L 3 > L 2 > Li, comparison of (27) with (29) yields 

L n = L 22 = ■ ■ ■ = L ss = 

(L 2 - L X ) 2 L 2X = h 2 L 21 L 2 - L 1 = h 
(L 3 — Li) 2 L 3 i = h 2 L 3 i, (L 3 — L 2 ) 2 L 32 = h 2 L 32 =>■ L 3 — L 2 = h, L 31 = 



(L s — Li) 2 L s i — h 2 L s \, • • • , (L s — L s _i) 2 L ss _i — K 2 L ss -i =^ L s — L s _i — h, 



)2 r . 7.2 
L s i = ■ ■ ■ = L ss _ 2 = 

Therefore 

L 2 = Li + h, L 3 = Li + 2h, ■ ■ ■ , L s = Li + (s - l)h 
And that (27) and (28) become 







Y 2 


^3 


■■■ Y s _ 2 


Ys-x Y s } 




[* 


Y 2 


Y 3 


■■■ Ys-i 


Ys-! Y s ] 





T * 













L 2 \ 





T * 













L32 



























LUs-2 













As-ls-2 


L* ss 
















Lss-i 



(30) 



(31) 
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L y [Y 1 


Y 2 


Y 3 


■■■ Y s _ 2 


n-i y, ] 






= [* 


Yi 


Y 3 


■■■ n-2 


n-i n ] 







T* 
















L 2 l 





r * 
-^32 
















-^32 






























T * 
















L s -ls-2 





T* 
















L ss -i 






(-0 



From (24), (31) and (32), we get 

L Z [Y 1 Y 2 ■■■ y s _! Y, ] = [ Y x Y 2 ■■■ y s _! Y s ] 
12 o 

l-Loi I 2 — I La 



2 



— I £21 1 




^32 























l-t'a— Is— 2I 







Comparison of (33) with (26) yields 



\L 21 \ 2 ^ ^'^L U \L 32 \ 2 = + L 2 ), - ■ ■ ,\L SS ^\ 2 =--(Lj +1,4 - L. ,+) 

and |L ss _i| 2 = |L S . Hence, Li + L 2 + • • • + L s = 0. Combining with 
we have 



2 



Li = -jh(j 



s-1, 



From (30) and (35), we get 

Li = -jh, L 2 = (1 - j)h, • • • , L 2j+1 = jh 
Thus, (26) become 



L X [Y! Y 2 ■■■ Y 2j+1 ] = [Y l Y 2 ■■■ Y 2j+1 ] h 



-j 

1-j 









From (34) and (36), we get 



^21 



\K\ |L 32 | 



27-1 
2 

10 



ft 2 , 



J -f? 

2 



From (31)-(32) and (36)-(38), we have 

L 2 [Y 1 Y 2 ■■■ Y 2j+1 } = j(j + l)h 2 [ Y 1 Y 2 



Y 



2j+l 



] 



(39) 



If the wave functions Y 1} Y 2 , ■ ■ ■ , Y 2 j + i is relabeled as Yj_j, Yji_j, ■ ■ ■ , Yjj, then 
(37) and (39) can be written as 

L z Y jm = mhY jm (m = -j, 1 - j, ■ ■ ■ , j) (40) 

L% m = j(j + l)h 2 Y ]m {m = -j, 1 — j, ■ ■ ■ ,j) (41) 
Let L + = L x + iL y and L_ = L x — iL y , we can get from (31) and (32) 



L + [ Yj 



v 

3-3 1 jl-j 



Yjj-i Yjj ] — [ Yj-j Yj 



Y 33-l 





Lai 





















(42) 



3-3 1 3^-3 



L 2j+ i 2j 

Yjj-i Yjj ] = [ Yj_j Yji_j 






Yjj-i Yjj ] 



L* 21 









L 



2j+12j 




(43) 



In fact, from (30), (34) and (35), we get 



h h 2 

P+i P \ = "o ( L i + L 2 + • • • + L p ) = — p(2j - V + l)(p = 1, 2, • • • , 2j) 



I T l 2 

Lj 



When p = j + m + 1 



h 



\L j+m+2j+m+l \ =— (j + m + l)(j-m)(m = -j, l-j,---,j-l) (44) 
If we take positive real solutions from (44), then (42) become 

L + Y jrn = hyj (j + m + l)(j - m)Y jm+1 (m = -j, 1 - j, ■ ■ ■ , j) (45) 
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We can also find (45) from (40)- (43) with invoking assistance from 

L_L + = L 2 -L\- HL Z 

When p = j + m 

h 2 

\L j+1+mj+m \ 2 = — (j + m)(j + 1 - m)(m = 1 - j, ■ ■ ■ , j - 1, j) 

If we take positive real solutions from (46), then (43) become 

L_Y jm = ft a/ (j + m)(j + l- m)Y jm _ 1 (m = -j, 1 - j, ■ ■ ■ , j) 
We can also find (47) from (40)-(43) with invoking assistance from 

L + L_ = L 2 -L 2 Z + HL Z 
I If s is an odd number, then 

1) When j=0, (40)-(41), (45) and (47) are respectively written as 

^+^oo = L_Yqq = L z Yqq = L 2 Y 00 = 

2) When j=l, (40)-(41), (45) and (47) are respectively written as 

L+Y lm3 = h a/ (2 + m 3 )(l - m 3 )Yi m3+ i 

L-Y lma = hsj (1 + m 3 )(2 - m z )Y lm3 -i 
L z Yim 3 = m 3 hYi m3 
L 2 Y\ m3 = 2h 2 Yi m . 3 

with 

m 3 = -1,0, 1 

3) When j=2, (40)-(41), (45) and (47) are respectively written as 

L+Y 2m5 = h a/ (3 + m 5 )(2 - m 5 )Y 2m5 +i 

L-Y 2m5 = hy/ (2 + m 5 )(3 - m 5 )Y 2 m 5 -i 
L z Y 2ms = m^KY 2m5 
L 2 Y 2ni5 = 6h 2 Y 2ms 
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with 

m 5 = -2,-1,0,1,2 

4) When j = I, (40)-(41), (45) and (47) are respectively written as 

L + Y lm2l+1 = hy/(l + l+ m 2l+1 ){l - m 2l+l )Y lm2l+l+1 (57) 

L-Y lm , M+1 = hy/ (I + m 2 i+i)(l + 1 - m 2 i+i)Y lm2l+1 - 1 (58) 
L z Y lm2l+1 = m 2 i +1 hYi m2l+1 (59) 
L 2 Y lm2l+1 = 1(1 + l)h 2 Y lm2l+1 (60) 

with 

m 2 i +1 = -1, 1 I 

II: If s is an even number, then 
1) When j — |, (40)- (41), (45) and (47) are respectively written as 



L + Y, m2 = hJ (- + m 2 ){- - m 2 )Y, m2+l (61) 



with 



L - Y hn» = HI (\ + m ^ ~ m ^ 2 m 2 -l (62) 

L z Yi m2 = m 2 hYi m2 (63) 
L 2 Y km2 = \h% rn2 (64) 
1 1 

m2 = ~2'2 



2) When j — I — |, the equations (40)-(41), (45) and (47) are respectively 
written as 



L + Y^ m2i = h x j(l+ l - + m 2l )(l msjy,.!^ (05) 



t = -^ + m 2i )(/ + i-m 2i )^_i m2i _ 1 (66) 
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L z Y^i m2l = m 2l HY^i m2i (67) 



L%- ¥ n 2l = (l-\)(l + \)tfY lAm2l (68) 

with 

1 / / 1 

4. The Energy Levels of Hydrogen Atom 

The Hamiltonian operator of hydrogen atom is written as: 

H -- — (— + - — ) + — -- (69) 
2/i dr 2 r dr 2/ir 2 r 

In the spherical coordinate, The operator of Runge-Lenz vector is given by 

A = A x i + Ayj + A z k 

A x = -(p y L z — p z L y — ihp x ) — ksin9costp 
A y = -{p z L x — p x L z — ihpy) — ksinO sirup (70) 
K = liPxLy - p y L x - ihp z ) - kcos6 

Let A + = A x + iAy and A_ = A x — iA y , we can show that 

[A z ,L + ] = hA + (71) 

[L.,A g ] = hA. (72) 

[i + ,L_] = 2M 2 (73) 

[4,4] = (74) 

i+L_ + i_L + + 2i 2 L 2 = (75) 

A_A + + A 2 Z = — (L 2 + HL Z + h 2 ) + k 2 (76) 
/i 



and 



[4, i + ] = hA+, [A_,L Z ] = hA_, [L+, i_] = 2M 2 
[L + ,i + ] = [L_,i_] = 
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= -—HL Z , [A + ,A Z ] = —HL + , [A Z ,A_] = -HL. 
/i H /i 



[A + ,fi\ = [A_,fi\ = [A z ,fi\ = 



It is well known that 



[L Z ,H] = [L 2 ,H] = [L z ,L 2 ]=0 



Hence, the operators H, L z and L 2 have simultaneous eigenfunctions. 
When N=l 

Let ipioo = #10*00 be an normalized simultaneous eigenfunction of the oper- 
ators H, L z and L 2 . It is assumed that 



A z ip W o = Aifj 100 
Combining with (48) and (71), we have 

-4+^ioo = 
From (48), (72) and (77), we get: 

i„^ioo = 
From (48), (73) and (78), we get: 

A z ^ 100 = 

And that from (48), (76) and (78)-(80) we get: 

fik 2 



E 1 = 



2h 2 



(77) 



(78) 



(79) 



(80) 



(81) 



When n=2: 

Let ^200 = #20*00,^21-1 = #21*1-1, V>2io = #21*10 and V211 = #21*11 be the 
orthonormalized simultaneous eigenfunctions of the operators H,L Z and L 2 . 
From (48)-(52), we get 



L+ [^200 ^21-1 ^210 ^211] 

[^200 ^21-1 ^210 fan] V2h 
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10 



(82) 



15 



200 



[V>: 



200 



L- [^200 021-1 ^210 021l] 
021-1 ^210 ^21l] \/2/l 

[0200 "021-1 0210 ^211 
021-1 0210 021l] h 





















1 














1 















(83) 




0-100 



1 



(84) 



L 2 [^200 021-1 0210 
= [^200 021-1 ^210 ^21l] ft 2 



211J 



2 

2 

2 



(85) 



Because A z is a Hermitian operator, it is assumed in terms of the theorem 
that: 

A z [^200 021-1 ^210 021l] = [^200 ^21-1 ^210 021l] 



(86) 



A n (2) A* ,(2) A* 31 (2) A* 41 (2) 

A 2l {2) A 22 {2) Al 2 {2) A* 42 (2) 

A 31 (2) A 32 (2) A 33 (2) A* 43 (2) 

A Al {2) A A2 {2) A 43 {2) A M {2) 

where An (2), A 22 (2), A 33 {2) and A 44 (2) are real numbers. Combining with 
(74) and (84), we have: 



A z [^200 021-1 ^210 0'21l] = [^200 ^21-1 ^210 021l] 

~ A n (2) A*,(2) 

A 22 (2) 

A 3l {2) A 33 {2) 

A M {2) 

Combining with (71) and (82), we get 

A+ [^200 ^21-1 ^210 021l] = [^200 ^21-1 ^210 ^21l] 



(87) 
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V2 



A* 31 (2) 



A 33 {2) - A 22 {2) 

-A 31 (2) A 44 (2) - A 33 (2) 

From (73), (83), (87) and (88), we get 



A 33 {2) = A 11 (2) = 0,A 22 (2) = -Au(2) 
Combining with (72), (83) and (87), we get 

A- [^200 ^21-1 ^210 i>21l] = [^200 ^21-1 ^210 



V2 



-A* 31 (2) 

A 31 (2) A M {2) 

A 44 (2) 





A_ 



200 



V2 

021-1 ^210 0211 
V2 



A* 31 (2) 





4,1 (2) 

[^200 ^21-1 

"^31 (2) 










A 31 (2) 







A z [^200 0: 



21-1 



^210 0: 



211 



[0200 0: 



21-1 



A* 3l (2) 



A 31 (2) 





211 



From (75), (82)-(84) and (87)-(90)we get 

^44(2) = 

Therefore, (87), (88) and (90) become respectively 

A+ [*/>200 ^21-1 ^210 021l] = [^200 ^21-1 ^210 



211J 



^210 0: 



211 



^210 0: 



211 
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From (76), (84)-(85) and (92)-(94), we get 

fik 2 1 
2h? 22 

k 2 



— 



|4u(2)| 2 = 

If we take positive real solutions from (96), then (92)- (94) become 

^4+0200 = ~^k^ 2 



■>211 



A+1p21-l = ^^200,^+^210 = O,i+-0211 = 



21-1 



21-1 



-4-^200 : 
0, A--021O 

4*^200 = 
0, i z ^210 



: O,i_<0211 = -^^200 



1^210 

: |^200, Azfoll = 



(95) 
(96) 

(97) 

(98) 
(99) 



When ri=3 

Let ^300 = #30*00,^31-1 = #31*1-1, "0310 = #31*10, V^ll = #31*11, ^32-2 = 
#32*2-2, "032-1 — #32*2-1, "0320 = #32*20, "0321 = #32*21 and "0322 = #32*22 

be the orthonormalized simultaneous eigenf unctions of the operators H, L z 
and I? . From (48)- (56), we get 

L+ [0>3OO V>31-1 
= [^300 031-1 











31-1 



h 



L- [^300 V 7 ; 



0*310 


"0311 


0322 




0321 


0320 


"032-1 


032 


^310 


^311 




"0322 




"0321 


0320 


032-1 


032- 























" 


































V2 






























V2 




































2 






























V6 






























Vq 






























2 



























. 






0*310 


0311 


"0322 




-0321 


0320 


032-1 


032 



(100) 
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300 



L z [^300 
= [^300 



L 2 [^300 
= [^300 



031 


-i 


0310 


^311 


^322 


0321 


^320 


i 


32 




o 








































V2 



































V2 





















o 






























h 

















































2 



































































o Vg 



































2 


. 


031 


-1 


0310 


0311 


^322 


^321 


^320 


i 


32 




— 1 


0310 


^311 


^322 


^321 


^320 


i 


32 




" 







































-1 











































































1 





















h 
















2 





































1 











































































-1 





































-2 





h 2 



310 


^311 




322 





321 




320 

























" 







2 

























2 




























2 




























6 




























6 




























6 




























6 




























6 





(101) 



^32-2] 
^32-2] 



(102) 



"031-1 "0310 "0311 "0322 ^321 ^320 "032-1 ^32-2] 

^32-1 "032-2] 



(103) 
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Because A z is a Hermitian operator, it is assumed in terms of the theorem 
that 



K [^300 V>31-1 ^310 ^311 ^322 ^321 ^320 ^ 



32-1 



32-2J 



= [^300 ^31-1 ^310 ^311 ^322 ^321 ^320 ^32-1 ^32-2] 



Ai(3) 
A 2 i (3) 
4u(3) 
^41 (3) 
4>i(3) 
4u(3) 
A 71 (3) 
A 8l {3) 
A 9 i(3) 



^i(3) 
A 22 (3) 
^ 32 (3) 
A 42 (3) 
4> 2 (3) 
A 2 (3) 
A 72 (3) 
A 82 (3) 
A) 2 (3) 



^31 (3) 
^32(3) 

A 33 (3) 

^43(3) 
A 53 (3) 

A m (3) 
A 73 (3) 

^83(3) 
^93(3) 



4k (3) ^(3) ^(3) ^(3) ^(3) ^(3) 



A\ 2 {3) 

A* (3) 
A 44 (3) 

A 54 (3) 
A 4 (3) 
A 7A {3) 
A 84 (3) 
A 94 (3) 



AW) 
AU3) 

4U(3) 
A 55 (3) 
As (3) 
A 75 (3) 

^85 (3) 
^95 (3) 



Ah (3) 

^63 (3) 
4U(3) 

4k(3) 
4>e(3) 

^76(3) 
^86(3) 

A 6 (3) 



a; 2 (3) 

A* 73 (3) 
A* 74 (3) 

AW) 
A* 6 (3) 

A 77 (3) 

A S7 (3) 

A 97 (3) 



a; 2 (3) 

Ah(3) 
A* 84 (3) 
Ak(3) 
A* 86 (3) 
A* 87 (3) 
A 88 (3) 
A 98 (3) 



A* 92 (3) 
AW) 

4k(3) 
A* 96 (3) 

A* 97 (3) 

A* 98 (3) 

A 99 (3) 



(104) 



where A n (3), A 22 (3), • • • , A 88 (3) and A 99 (3) are real numbers. From (71)- 
(75), (100)-(102) and (104), we get 



A + 


[^300 ^31-1 


^310 


^311 


^322 


^321 ^320 


^32- 


-1 


^32-2] 




[^300 ^31-1 


^310 


^311 


"0322 


^321 ^320 


^32- 


1 


^32-2] 





V2A* 31 (3) 










00 
























00 







2^82 (3) 
















00 




(3) 





V2A 31 


(3) 










(3) 





















2A 82 (3)0 
















-V2A 82 (3) 





00 













^82(3) 










00 
























00 
























00 










i_ 


[^300 ^31-1 


^310 


^311 


0322 


^321 ^320 


^32- 


-l 


^32-2] 




[^300 ^31-1 


^310 


"0311 


■0322 


"0321 0320 


^32- 


l 


^32-2] 



(105) 
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V2A 3 i(3) 



















2^ 82 (3) 










_ 

72A 82 (3) 




-\/2^3i(3) 






^82(3) 









-V2A* 82 (3) 
-2A* 82 (3) 



00 

-4 A* S2 (3) 



00 
00 
00 
00 
00 
00 
00 



K [^300 
= [^300 






-4 3 i (3) 

















^82 (3) 





^31-1 ^310 
^31-1 ^310 

^31 (3) 












^311 
^311 







-4 82 (3) 



\V3A 82 (3) 






^322 ^321 ^320 ^32-1 ^32-2 

^322 ^321 ^320 ^32-1 ^32-2 

0" 

A* 2 (3) 



A* 2 (3) 








1^3^(3) 









with 



A 4 (3) = A 73 (3) = A 82 (3) 
2 v/3 
From (76), (102)-(103) and (105)-(107), we get 

fik 2 1 



Ex — 



2h 2 3 2 



f,l^3i(3)| 2 



8fe^ 
27 



l^82(3)| 2 

If we take positive real solutions from (110), then (105)-(107) become 



i+^300 = -^%31i;i+V>31-l = ^^300 " ^Y>320, 



310 



-^^321,-4+^311 



-4+V>320 = ^§k^ 311 ,A + ip : 



1^322! A + 1p 32 2 = 0,1+^321 = 0, 



300 



9 

4^3 



32-1 



^ £^310,-4+^32-2 



1^31-1 



|A;^32-2,A_V'310 
-4-^311 = ^fcfeo - ^fcV'SOO; -4-^322 = -§^32-2 



9 fcV'31-i;-4_V'31-l 



3 



(106) 



(107) 



(108) 

(109) 
(110) 

(111) 
(112) 



A-1p 3 21 = -^^310,-4-^320 = -^fcV>31-l, -4-^32-1 = 0,1.^32-2 = 



21 



Azlfooo = 2 #fcV'310;^V'31-l = 1^32-1,^310 = ^^300 + ^^320, 
A z 1p 3 u = %1p321', A z 1p 3 22 = 0,A z 1p 32 l = §&V>311, 
i z V>320 = ^# ^310,-4^32-1 = £^31-1,^32-2 = 



(113) 



When N = n (Let n be the even number) 

Let Vvio = RnoYoo, ■ ■ ■ ,ip n i-i = RniYi-i, • • • ,ipnii-i = RniYu-i and ip n u = 
RniYu be the orthonormalized simultaneous eigenfunctions of the operators 
H, L z and L 2 . Because A z is a Hermitian operator, it is assumed in terms of 
the theorem that 



A [?/>nOO 
= [^n00 



1pnl-2l-2 



4>nl-U-l 
fpnl-11-l 



A n (n) 
A ( i_ 1)2l (n) 



where A n (n), ■ 



A* 



^(i-i) 2 (i-i) 2 W 
^ 2 (i-i) 2 (n) 



, -4(Z-1) 2 (7-1) 2 



(n), 



i; 2l (n) 



A* 2 (i-i) 2 ( n ) 

yW(n) 

A(i+i)2i2{n 
,App(n),-- 



■ ■ ■ 4>nll] 

■ ■ ■ Ipnll] 

^(i+l) 2 (/-l) 2 ( n ) 

^(i + i)2/2 (n) 

Am) 2 (m) 2 H 
(m) 2 -i(m) 2 -i 



(114) 



[n) and 



A 



(J+1) 2 (Z+1) 2 



(n) are real numbers. From (48)-(51), (53)-(55), • • •, (57)-(59) 



(71)-(75) and (114), we get 

A + [■ ■ ■ «/>n!-2!-2 V'nl-li-l VVi-li-2 



V'nl-ll-! V>n!-i *nll-l 4>nl2-l ■■■ VVii-2 VVii] 



[■ ' ■ V>n!-2!-2 '/'ni-li-l V'nl-li-2 */V!-lI-3 ■•• V'ni-ll-i V>n!-i "/"nil-! */V!2-! 



V 2 (i - 





-V2lT n 





-V21 - 2T„ 





/ (2i-2)(21-3) T 
V 2!-l 
















\Z2iT* 














A- [' ■ ■ ^ni-21-2 V'ni-li-l V'nl-li-2 V>n!-l!-3 
= [■ ' ■ V>n!-2!-2 "Anl-li-l V>n!-l!-2 </V!-lI-3 



' *ni-l V'nil-i */V!2-i 

VVi-ll-i V>n!-I V>n!l-i */V!2-! 



■4>nll-2 V>n!!-1 



2Z-1 - 













































































(115) 



' V'nii-2 >/>n!!-l '/'nil] 
i'nll-2 4>nll-l 1Pnll] 
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-y/2(l - 1)T*_ 



</>„!- 






■ 


• ■ 














■ 


• • 














■ 


• • 














■ 


• • 














■ 


• • 





-, 


/ 21-1 





■ 


• V2lT n 














■ 


■ ■ 














■ 


■ ■ 














■ 


■ ■ 














■ 


■ ■ 














■ 


■ ■ 












■4>nl- 



*nl- 



</>„!- 
</>ni- 



4>nl- 
4>nl- 



V 



(21-2)(2i-3) , 
21-1 





2T* 



*nl- 

V>ni- 



4>nll- 
4>nll- 



i'nll- 



(116) 



• 


• 





• 


' ' 1 n-l 








• 


• 





• 


• 







■ 








• 


• 





• 


■• 





• 


■• 








• 


1 n 





• 


■ • T n _i 





• 


■• 








• 


■ 





T n -i ■ 


■■ 





• 


■• 








• 


• 





• 


■• 





• 


■• 








n 


• 





• 


■• 





• 


■• 








• 


• 





• 


■• 





• 


■• 


T 





• 


• 





• 


■• 


T 


• 


■• 








• 


• 





• 


■• 





• 


■• 








• 


• 






with 



(117) 



T n = A( i+1 )2_ 1(z _ 1 )2 +1 (n),T„_i = A l 2_m_ 2 )2 + i(n), ■ ■ ■ , T 2 = A 31 (n) 

^ (1 + l)2_ 1(i _ 1) 2 +1 (") A, 



1 (i + l)^-2(i-l 



)2 +2 (") _ _ -4(i + l)2_(2i-l)(j-l)2 + (2i-l) (n) 



^/ 1(21-1) ' • v /2(2i-2) ~" ^/(2i-l)[2Z-(2Z-l)] 

A |2-l(i-2)2+l(") _ A i2_ 2( ;^ 2) 2 +2 (") _ _ ^i2_ (2t _3 )(i _ 2) 2 +(2t _ 3) (ra) 



v/l[(2i-2)-l] 



y/2[(2l-2)-2] 
A s2 (n) _ A 73 (n) 



V(2i-3)[(2Z-2)-(2/-3)] 
Ae 4 (n) 



(118) 



V^ 4 - 1 ) V 2 ( 4 - 2 ) V 3 ( 4 - 3 ) 
From (48), (51)-(52), (55)-(56), ••• (59)-(60), (76) and (115)-(117), we get 

lik 2 1 



Er, 



{n = I + 1) 



(119) 
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\A {l+1) ,_ 1{l _ ir+1 (n)\* = ^£(2l-l) 
|A^ 2)2+1 H| 2 = |^S(2/-3) (12Q) 



12 _ n 2 -l k 2 



\A 31 (n)\<-—^ 
If we take positive real solutions from (120), then 



A+ljj njm2j+1 = - J A j 2 _ 1 U - m 2j+l)(j ~ m 2j+1 - l)^nj-lm 2j+1 +l 



k n 2 _ tj _|_ \\2 

n V 4(j + 1)2-1 ^ + m ^ +l + ^ + m ^ +1 + 2 )^i+lr» 2j+ i+l ( 121 ) 



^ / n 2 _ fj + \\2 

A_i/j njm2j+l = -J ______ (j - m 2j+ i + l)(j - m 2i+ i + 2)^nj+im 2j+1 -i 



J\i I Hp 1 J ^ 

-y 4 - 2 _ x 0' + m 2j+i)(j + m 2 i+i - 1)^-1^+1-1 (122) 



A-zfpnjm^j+i — n \j _ -^U 2 m 2j+l)^Pnj~lm 2j+ i 



with 



j = 0; mi = 
j = l;m 3 = -1,0, 1 



j = l;m 2 i+i = -l,l-l,---,l 

5. Discussion 

1) When j = 0, from (48), we get 

L,y o = 0,L+r o = (124) 
2) When j = 1, from (49)-(51), we get 

L Z Y U = hY n , L + Y u = 0; L_Y ±1 = V2KY 10 , L_Y 10 = V^HY^ (125) 
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(126) 



(127) 



3) When j = 2, from (53)-(55), we get 

L Z Y22 = 2HY22, L+Y22 — 0; L_1^2 = 2/1I21, 
L_Y 21 = V6hY 20 , L„Y 20 = V6hY2- 1 ,L_Y 2 - 1 = 2hY 2 - 2 

4) When j = I, from (57)-(59), we get 

L z Yu = IhYu, L + Yu = 0; 
L-Y u = VUHYu-u • • • , L_Ya_ ; = VUhY^ 

The following expressions can be deduced from (21) 

L + = tU*>(&+icot0%;) 

L^he-^i-JL+icote^) (128) 
L z = -ih-j^ 

Thus 

1) When j = 0, the solution of the system (124) are 

^00 = -L (129) 



47T 

2) When j — 1, the solution of the system (125) are 

y n = -\ —sm6e iip , Y w = J —cos9, Y x _ x = J —si-nBe^ (130) 
V 8n V 47r V 8n 

3) When j = 2, the solution of the system (126) are 



y 2±2 = J-^- sin ^e ±2 ^,Y 20 = J-^-(3cos 2 9 - l),Y 2±1 = T \ ^-coaeainBe** (131) 

V oZn V 107T V o7T 

4) When j = I, the solution of the system (127) are 



Y u = 



The spherical harmonic functions have been obtained by solving the first- 
order differential equations. Furthermore, 
1) When N = 2, from (99), we get 

2 - 

4^211 = 0,^200 = -^A z ^2io (133) 
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2) When N = 3, from (113), we get 

4*^322 = 0, ^311 = ^4^321, ^300 = 4^310 - -^^320 (134) 

3) When N = n, (123) become 
lira-u-2 = ^^5^^.21-2 + ^fe?4(i - 1)^,-2 (135) 



It is well known that 



M20 



d , cosBcosip d sirup d 



p x = -ih(sinecos<po; + r de rsin9d , 
p y = -ih(sine S in<p£ + + SI-) (136) 



<9r r <9# rsind dip ' 

_d sinO d ^ 

<9r r »' 



Combining with (70), we have 



^ ft 2 .1 . 3 cos6> 5 z d 1 _• . 5 

+ — w ~ ™^ )L + ~ 2(corf * " — »M " w (137) 

1) When N=l, we can deduce from (48) (80), (129) and (137) 

i?io = 4e~«(a = ^) (138) 

tt 2 [IK 

2) When N=2, we can deduce from (125), (129)-(130), (133) and (137) 

^sArr"*^^* 1 -^"* (139 » 

3) When N=3, we can deduce from (126), (129)-(131), (134) and (137) 
R32 = -^( r -) 2 e~^,R 20 = — ^(1 - lXe~£ 
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4) When N=n, we can deduce from (127), (129)-(131), • • •, (132), (135) and 
(137) t 

Rnl = \l (/+l)^+S^r(2«+3) r/e TITTF ' 

r_] i-1 (141) 
l{l+±)a 



Rnl-1 — 



(l+l) 2l + 2 a 2l + 1 F(2l) L 1 .^-i' 



Therefore, we are also able to obtain the radial functions by solving the 
first-order differential equations without the solution of the second order 
Schrodinger equation. These solutions are the same as the results obtained 
in wave mechanics on the hydrogen atom. As a result, the descriptions 
of matrix mechanics and wave mechanics on the hydrogen atom have been 
unified here. 
It is well known that 

[Q z ,H] = [Q 2 ,H] = [Q z ,Q 2 ]=0 

Hence the operators Q Z ,Q 2 and H have simultaneous eigenfunctions. 
1) When N=l, we can get from (17), (48) and (78)-(80) 



Qz^wo = Q+^wo = Q' z ^ioo = Q'+ipioo = QVioo = 
2) When N=2, we can get from (17), (84), (95) and (99) 

Qz [^200 ^21-1 ^210 ^211] 



(142) 



h 

= [^200 ^21-1 ^210 fall] ~ 



10 
0-100 
10 
1 



(143) 



The eigenvalues corresponding to the square matrix in (143) are 

Ai = A2 = 



H A -A - k 
2' A3 " A4 " 2 



(144) 



According to Schurs theorem, there exists a unitary matrix in the following 
expression 



2 2 rZ 22 rZ 2 2 
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= [$200 $21-1 $210 $21l] 



h 



V2 
2 





V2 
2 














1 


2 





2 








1 









The square matrix in (143) is diagonalizable 

Q z [</> 2 i-A V^2ii ^2ii ¥>2±- 



= [<P2k- 



_ l 
2 2 



r Z 2 2 



r/ 22 



1 ^ 

2 



-10 

1 

1 











Thus we can deduce from (17), (82)-(84), (95) and (97)-(99) 

Q+ fc> 2 ±-± <P2hi ^2ii V2i-i] 



[^ 2 i-i V 2 U ^2i± <P2i- 



h 





10 

1 





Q' z [v 2 



1 _ 1 

2 2 



r Z 2 2 



r/ 22 



r Z 2 2 



ft 



r ^2 2 J 2 



1 

1 

0-1 











Q' + \P2\-\ ^2U <P2hh ^2i-i] 



= ^21-1 ^2li <^2il ^2i-l] n 

Q 2 [<P2h-k ^2U V 2 i-i 



2 2 J 

1 

10 







= — [^2 



l_l l W,i l 

2 2 rZ 2 2 rZ 22 rZ 2 2 J 
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3) When N=3, we can get from (17), (102), (109) and (113) 

Qz [0300 
= [0300 



h 
2 



■031-1 


■0310 


0311 





322 


0321 0320 


032-1 


031-1 


0310 


0311 


0322 


0321 0320 


032-1 































-1 

















1 






















|V3 

















1 





1 























2 























1 





1 








































1 

















-1 





























-2 



032-2] 
032-2] 



(151) 



The eigenvalues corresponding to the square matrix in (151) are 

Al = A2 = A3 = — H, A4 = A5 = Aq = 0, A7 = Ag = Ag = h 



(152) 



According to Schurs theorem, there exists a unitary matrix in the following 
expression 



1 

6 



[^311 V?310 


f31-l 


031-1 


0310 


0311 X311 


X310 X31-1. 


[0300 031 


-1 0310 


0311 


0322 


0321 0320 


032-1 


032- 





2V3 





-2y/3 


2V3 





" 








-3V2 








3V2 








-3V2 








3V2 








-3y/2 











3V2 








6 




















3V2 











3V2 











V6 







Vq 














3^2 








3V2 























6 



(153) 



The square matrix in (151) is diagonalizable 

Qz [^311 ^310 ^31-1 031-1 0310 0311 X311 X310 X31-l] 
= [^311 ^310 ^31-1 031-1 0310 0311 X311 X310 X31-l] 



29 



h 



1 



























































-1 





























-1 



























































1 





























1 



























































-1 



(154) 



Thus we can deduce from (17), (100)-(102), (109) and (111)-(113) 

Q+ [<£>311 ¥>310 <£>31-1 031-1 0310 0311 X311 X310 X31-l] 









s/2 




V2 




h 



r^oi— 


1 031-1 


<t>im 


d 

T 


^1 1 






A 

u 


u 


u 


A 

u 


A 

u 


A 

u 


o 


V2 

































































V2 























y/2 





























V2 












































¥>31- 


i <; 


f>31-l 


0310 


(i 


!>311 


X311 


¥>31- 


1 <t 


^31-1 


0310 


4 


} 311 


X311 


1 




















1 























1 
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Above, the specific matrix representations of the Lie algebra of the SU(2) 
are obtained by using the matrix transformations. We are also able to find 

1) The eigenvalues of the Lie algebra of the group SU(2) is degenerate 

2) The square matrices in (147), (149), (155) and (157) isnt simultaneously 
able to become the Heisenberg matrix. 

3) Let lpi_i, wii be the orthonormalized simultaneous eigenfunctions of the 

2 2 2 2 

operators Q z and Q 2 

h ~ H 



in 

2 2 



— (01 1 
2^22 



Let ip'i_i, ( p'ii be the orthonormalized simultaneous eigenfunctions of the 

2 2^22 

operators Q z and Q 2 



Thus 



A' ' ^ ' A' ' ^ ' 

Qz^i-i = - 77^i-I ,Qz<P ii = 77^11 

22 Z22 22 Z 22 



4 [^i-i^i ^ii^ii mil n-^i-2-] 
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(161) 
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^2 Lr 2 2 r 2 2 2 2 r 2 2 2 2 2^2 





r 2 2 F 2 2 



2 



10 
10 
0-10 
-1 



(162) 



The above results of the group theory are different from (146) and (148). 
As a result, the descriptions of the group theory on the hydrogen atom have 
been explained. 
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